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Abstract. We calculate the eigenmode spectrum for collective multipole vibrations of the
electrons of alkali clusters including coupling between surface and volume plasmons. We formulate
the equations of motion for the collective variables (density and velocity potential) starting from
the hydrodynamic approximation. We investigate the effect of the diffusibility of the valence
electrons on their collective modes, considering an equilibrium density of the valence electrons
with a smooth surface profile. This effect was not considered in previous work carried out by the
first author, who assumed the equilibrium density of the valence electrons to be a constant that has
the bulk value. The results indicate that, within the hydrodynamic model, surface spill-out effects
lead to a tendency for a red-shift from the Mie frequency and a mixing of resonance modes when
the size of the cluster decreases. The eigenmodes fulfil the linear energy-weighted sum rule, the
inverse energy-weighted sum rule and orthogonality relations.

1. Introduction

In recent years the study of the electronic response of small metal particles to external fields
has received much attention; for reviews see [1,2]. The most complete theory available is the
time-dependent local density approximation (TDLDA) [3—6], based on the mean-field density
functional theory (DFT), within the local density approximation for treating the electron—
electron interaction [7]. This theory has reproduced the gross features of the experimental
findings [8-10]. The second author studied some applications of this theory including the
polarization of the spin [11]. Itis worth emphasizing that the RPA [12] is the small-amplitude
limit of the TDLDA and the two methods are equivalent as regards studying the energy spectrum
of these systems. However, the TDLDA or a full RPA requires a large numerical effort and the
calculations soon become prohibitive when the number of atoms is increased. Itis important to
discover whether simpler approximations are able to reproduce the main physical results of this
theory. Related to the TDLDA and RPA are the sum-rule [13,14] and nuclear fluid-dynamical
approaches [15-17].

The sum-rule approach has proven to be extremely useful in describing giant resonances
in atomic nuclei [18]. The sum rules concern the integral of the response function weighted
with different powers of the frequency. An estimate of the frequency of the plasmon may be
obtained from two sum rules assuming that one state exhausts the sum rules. The easiest one
to evaluate is the well known Thomas—Reiche—Kuhn (TRK) sum rule. Bertsch and Ekardt, in
their work [19], concentrated on the cubic energy-weighted 6ug), which can be expressed
in a closed form, and they derived a formula for the plasmbnr=( 1) in finite spherical
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metal particles. They showed that the plasmon in a jellium model is red-shifted from the Mie
frequency when the size of the cluster decreases.

Serra and co-workers [20] have extended the work of Bertsch and Ekardt to all multipole
surface modes and they have also presented some results foeti@evolume mode. In the
dipole case{ = 1), only the jellium—electron Coulomb energy contributes:to The kinetic
and electron—electron Coulomb contributions vanish because the operatotorresponds
to a translation of the electron cloud as a whole. Only the translational-symmetry-breaking
jellium field gives a non-zero contribution. They have also obtained the well known red-
shift of the energies of plasmons due to the diffuseness of the electron density. For the
higher multipolarities { > 1), thems-sum rule will consist of three terms, coming from
the kinetic energy density, from the electron—electron Coulomb energy and from the jellium—
electron Coulomb energy. Pure volume terms like the Coulomb-exchange contribution and
the correlation energy do not contributerte.

Brack [21] has proposed a semiclassical extension of the RPA sum-rule approach for
calculating estimates of the peak positions and widths of collective multipole excitations of
the electrons. He has arrived at the same expressiongsfoising a similar technique, but
using a trial Thomas—Fermi density instead of the quantal Kohn—-Sham density and taking
the fourth-order gradient corrections to the kinetic energy. He has used a multidimensional
extension of the sum-rule approach to study the coupling of surface and volume plasmons
for all multipolarities, introducing a set of trial operatap$ = r?Y, o for each multipolarity,
with p being a positive number. He obtained a matrix equation leading &igenmodes, for
each multipolarity¢, with frequenciesy,,. These modes satisfy the orthogonality relations
and fulfil the linear and the cubic energy-weighted sum rules.

Reinhard and Brack in their work with Genzken [22] have introduced a representation of
the RPA in terms of coordinate-like operat@sand momentum-like operators They have
derived a variational principle fo@-variation. In particular, they have discussed a restricted
set of local operator® (r) leading to a differential equation quite similar to the nuclear fluid-
dynamical equations. The practical solution of the collective eigenvalue problem for a given
multipolarity proceeds via a power expansion@fr) and the solution of a secular equation
for coupled modes.

On the other hand, semiclassical methods have provided a possible alternative for studying
the properties of heavy nuclei [23—-28] and their use has proved to be particularly fruitful in
this area. These methods are rather intuitive and they have a great physical appeal since
they describe the collective motion in terms of physically meaningful quantities, such as the
current density. These quantities are related to the distribution fungtion r, p-space.

The calculations involved in solving the semiclassical problem have the advantage of being
simpler than a full quantum mechanical calculation. The numerical effort involved in these
calculations does not depend on the number of atoms of the metal cluster, and therefore they
can be applied to arbitrarily large systems. Related models have recently been applied to
describe the dynamics of the valence electrons in a metal cluster and of the valence electrons
in the metal surrounding a spherical cavity (void) [29, 30]. The hydrodynamic equations are
solved by means of a variational principle; the result obtained is a simultaneous description of
the surface and volume modes of the valence electrons. In references [29, 30] the equilibrium
density of the valence electrons has been considered as a step function with the following
shape:ng(r) = no(0)0(R — r), whereng(0) is the bulk equilibrium density of the valence
electrons. In references [29, 30] the energy of the surface plasénen.] is independent of

the size of clusters and is equal to the Mie value,= hw,/+/3 wherehw, stands for the
energy of the bulk volume plasmon.

In this paper we investigate the effect that the profile of the equilibrium density of the
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valence electrons has on the collective modes obtained within the hydrodynamic model. We
take into account in the energy density a term involving derivatives of the density which is
associated with the valence electron density spillage outside of the domain occupied by the
jellium. The consideration of the effect of the spill-out of the valence electrons is expected
to contribute to a better description of the collective modes of the valence electrons. To our
knowledge, this is the first time that a quantal electronic density has been considered within
the hydrodynamic model.

The paper is organized as follows. We shall describe how we obtain the electronic density
of the equilibrium state in section 2. The Lagrangian and equations of motion will be briefly
reviewed in section 3 and the orthogonality and sum rules in section 4. In section 5 the
polynomial approximation used in this work will be discussed. The numerical results for the
surface and volume modes and the sum rules will be presented in section 6. Finally, we shall
make some concluding remarks in section 7.

2. The equilibrium state

In order to study small-amplitude vibrations we start by determining the equilibrium density
of the valence electrons in a metal cluster.

In the classical limit the Wigner transform of the single-particle density matrix is a function
f(r, p, t) which acts as a distribution functionit) p-space. To describe the equilibrium state
of the gas of valence electrons, we consider a Fermi-type distribution function:

2
fo= ®<Mo — Uo(r)> ()

wherewg is the chemical potential aridy () is the self-consistent equilibrium potential. We
assume that in the equilibrium state the energy of the system is represented by the following
LDA functional E[n] proposed in reference [31]:

3 20 [ (Vn)?
E — Yo 4 —
[n] [;:1 tp/dwn + . / " dx

1 2
- e/ V(z)n(x) de + = ¢ f/ n(@yn(zz) dz, dx> (2)
247'[60 |331 — :122|
where
3h? 3/3\"® 2 4r\Y® 72
= _——(31%)?3 =—(=) — =-0063y — | —s. 3
o 10m( ) 2 4\ mag & 3 mag/z )

y1 = 5/3, v» = 4/3, y3 = 7/6; ag is the Bohr radiusp stands for the density of valence
electrons. The mean field(x), created by the positive ions, is obtained in the spherical-jellium
approximation, which has been used to explain many of the properties of metal clusters [32—36].
The Weizsicker term(z?x/8m)[(Vn)?/n] appearing in the energy density has a big influence
on the electron surface diffuseness and on the exponential fall-off of the electron density as
well.
The equilibrium density is obtained by minimizing the energy functional with respect to

n, using the constraint that the total number of valence electrons is fixed. We have

8(E —pnoN) =0 (4)
where N stands for the total number of valence electrons. The self-consistent equilibrium
densityn, fulfils the equation

SE

5, = Mo ()
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3. The Lagrangian and equations of motion

The time-dependent distribution functighdescribing some type of motion of the system is
related to the equilibrium distribution functiofy by means of a time-dependent canonical
transformation:

1
f = fo+{fo. S}+S{{fo. S} S} +-- (6)

where the curly brackets, } stand for the Poisson brackets. The time-dependent generator
S determines the type of motion that the system is exhibiting. Such a generator appears as
a solution of the Vlasov equation. Since we consider small-amplitude vibrations, we will be
concerned with the linearized Vlasov equation. The genesatoay be decomposed into a
time-even par and a time-odd parP:

S(x,p.t) = Qz,p,1) + P(x,p.1). ()

We consider a restricted variational space for the geneimnd we obtain approximate
solutions by means of the quantum mechanical variational principle. An explicit expression
for the generato) may be obtained by considering a general expansion in powers of the
momentum (including only even powers of the momentum) and truncating the expansion at
some point. In this paper we only consider the lowest-order truncation scheme:

Q=1(=1). ®)

For the generatorP, instead of considering an analogous expansion in powers of the
momentum, we defin® as the generator of a canonical transformation such that the following
equation is satisfied:

1 2
fo+{fo, PY+S{lfo, P} P 4o = @(Mo - 2’; — Uo(r) — W(, t)). )
m
We consider the quantum mechanical Lagrangian
L =ik(glp) — ($|H|) (10)

and a time-dependent Slater determinjgnt which is related to the Slater determinagg)
describing the ground state by means of the unitary transformation

) = exp(iS/h)|¢o) (11)

where§ = 0+ Pis a one-body time-dependent Hermitian generator. The gener@tors
and P defined in equations (8) and (9) are the classical limit of the Wigner transforms of the
Hermitian time-dependent operatapsand 2. Here, and in the following equations, the dots
over the dynamical fields indicate time derivatives. For small-amplitude deviations from the
equilibrium state, one obtains, up to second orde¥, ithe following harmonic Lagrangian:

i ~A 1 N N
L® = 2'h—_<<z>o|[s, Sligo) = =5 (9ollS. [H. SNgo). (12)

Considering the classical limit of the Wigner transform of the quantal Lagrangian (12) and
taking into account the parametrization®fndicated by the equations (8) and (9), we write
the following semiclassical effective Lagrangian:

L@ _ _ / dz n1yr — T[y] — E@[ny] (13)
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where
1
TPyl = — / dz no(Vy) - (V) (14)
(x)ni(x) o1 ,
£l = e PG D f deng g
+ hi / do — [(an) - (Vny) — 2(Vno) - (Vm)@] (15)
8m ng no

andn, = n — ng is the fluctuation of the density.
The action integral should be stationary if we allow for arbitrary variations of the collective
coordinateg) andn:

7]
8 / dr (L+pN)? =0 (16)
n

where the Lagrange multipligr takes care of the particle number conservation:

/dwnlzo

Since the variation8ys andsn; are arbitrary, the equations of motion of the system follow:

r‘;1+v.(@wp>=o (17)
m
. SE?
e g (19
ni
where
SE@[n4] e? n1(2)
= doy ———— + Dnl~
Sy 47_[60/ T2 1 — 23| pZTpr(Vp g
R2A \Y%
LI [—v . (ﬂ) "2 (”—; Vno) 2 (Vno) - (an)] (19)
adm no ng ng

andui = u — uo. We note that the Lagrangian multipligronly appliesto = 0. For¢ > 0
it follows automatically from the orthogonality of the spherical harmonics that

/dwnlzo

4. Orthogonality and sum rules

The variational principle has the advantage that it is related to important sum rules which are
fulfilled by the solutions of the equations of motion. This allows us to study the strength
associated with the different eigenmodes. We seek solutions of the form

A, 1) =Y A7 @) sin(w,1 +3)) (20)

for the fieldn, and of the form

B@.1)=Y B (x)cosw,i +3;) (21)
j

for the velocity potential).
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Using equation (17) and replacidgr by ¢ @, it is easy to show that
1o i L noh) _ 1 ) G
/dm E(V1p<>) (VY = E/dgc v Oni = 5 [ de yORY. (22)

Using equations (18) and (19) it may be seen that

(i) )
(1)n (2) Yp—2- () - ()
247760.//(15c dzz Z 5TV (Vp — 1)/dwn ny'ny

|m1 7 B

%1 1 - (i) 9 i1
—/d:c— (Vi) - (Vi) = (Vo) - (Vi) 2L
" no

(t)
— (Vng) - (VA{) 1]

[ SE(Z)[n(j) l i )
/d 0y T /d Ay = -wffda,- alyd. (23)
From equations (22) and (23) we obtain the orthogonality relations. We write
(j)(a: t) = n(j)(a:)oz ()

Yy D@, 1) =9 (@)8;)

wherea; o sin(w;t +4§;) andp; o« coSw;t +§;). It may be easily seen thatdf® # a) , then
the orthogonality relatlons may be written as follows:

1 =
3 / de 7y = 5. (24)

This model satisfies the energy-weighted sum rule figy as well as the inverse energy-
weighted sum rule (fom _;). Let

N
D= Z D(z;)
i=1
be an excitation operator. We expabdz) in the basis of the eigenfunctioﬁs(j):
D@ =Y ;¥ @=> ¢y (@0
J j

where in equations (20) and (21) all thewere taken to be zero, since

1 .
Cj = E / d:IZ Dﬁg_”. (25)
Following references [28, 30], it may be shown that the present model fulfils theam rule:
Zw,c =my = TP[D] (26)

and them_1-sum rule:
> L =m_y=E®[ny]. 27)
w;

The fieldn; in equation (27) is such that = ng + n; is the polarization density associated
with the external potentiaD.
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5. Polynomial approximation

Instead of solving exactly the equations of motion (17) and (18), it is more convenient to look
for approximate solutions using a variational method. We make an expansion of the dynamical
fieldsy andny in multipoles and, for each multipolarity, we express the radial dependence as
follows:

Kmax

v= Y a®)rYo (28)
k=kmin

Gmax—1 dn

0
nl = <n0 Z bk([)rk +bQ/vxax (t)d—r> YKO (29)

k=qmin

where k assumes all the integer values betweégp, and k.., (OF ¢uin @and guax — 1),
Gmax = Gmin * Naim — L andkyax = kmin + naim — 1. In the expansion for; we have

introduced a term proportional ta:gl/dr because we expect such a term to be important for
describing surface modes. We have associated the same nwynbefvariational parameters
with both fieldsy» andnr;. We choos&,,;, = ¢ui» = 0. The truncation scheme that we
choose for the numerical calculations is determined by the valug; 9f We now consider
the effective Lagrangian given by equations (13)—(15) to obtain approximate solutions of the
equations (17) and (18).

Inserting expressions (28) and (29) into equations (13)—(15), we write out the Lagrangian

. 1 1
L(z) = Z [quakbq — %Akqakaq - Equbkbqi| (30)
kq
where
Ay = / dr nor**[kj + £(¢ + 1)] (31)
Crj = /d” r?* i1 (j, r) (32)

€2
B = dreo 2z+1{/ drari ik, rl)/ 22 rZ)}

e
¥ 47'[60 2Z+1 {/ drz r2 nl(]s 72)/ drlr nl(k,r]_)}

Ahz ) ditg (k, r) dita (j.r) | £(€+1D)
4m dr r 11_0{ & ™ = n1(k, r)nl(J,r)}
khz ldn dnkrM, diq(j,r) .
/d 0{ 1; Do)+ Lﬂk r)}
n
+ eryp(yp — l)/dr ’n V” nl(k Nn(j, r). (33)
p=1
We have defined
ny=Y_ be(®iia(k, 1)
k
where
rkno |f 4min < k < 4max
ik, r) = .
nl( r) dno if k = qmax -

dr
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On requiring the action integral to be stationary for arbitrary variations of the variaples
andb,, the following equations are obtained:

.1
Z(qubq — ZAkqaq) =0 (34)

q
and

> (=Cigéte — Bigby) = 0. (35)
k

We assume harmonic time dependence for the variaklasdb,. The eigenmodes are then
easily obtained from equations (34) and (35):

mao?[b] = [CTI"HAI[C][B][2] (36)

where: k] and [b] are the vectors with componenig andb,; and [A], [ B] and [C] are the
matrices with componentsd;;, B;; andC;;. Solving the eigenvalue equation we obtain the
normal modes, which are characterized by the eigenfrequengiesd the eigenvectors]"/.
The vectors$]"” are easily obtained.

We have developed a computer program for solving this equation, which is a numerical
equation. In previous works which have used the hydrodynamic approach, the electronic
equilibrium density was a step function and the calculations were easier. Now we work with
quantal electronic densities and the difficulty increases.

6. Numerical results

We study the collective modes of sodium clusters with atomic numbgrfom 8 to 1000.

First of all, we need the equilibrium density of the valence electrons. The densities in figure 1
correspond to the Na cluster. The chain curve is the density obtained from the equilibrium
equation (5) using. = 0.05. The full and dashed curves are the densities obtained from the
analytical expression given in [31] far= 0.05 andx = 0.2, respectively. Also shown is the
jellium constant density. We can see from this figure that the spill-out of the density increases
whenj increases. The results presented in this article correspone-t6.05.

The self-consistent equilibrium density is obtained from equation (5), using an appropriate
computational program. However, this is a process with a slow convergence, especially for
large clusters. Thus, in this work we have used the analytical expression for the density
proposed in [31], which is much easier to handle.

One of the main advantages of the hydrodynamic approach is the fact that for each choice
of ny;,, We obtain, for each multipolarity, ny;, excited states of the system and not only the
‘most collective’ state, as in the sum-rule-based formalisms [19, 20]. In this way we can study
very easily the coupling between the surface and volume plasmons for all multipolarities as
pointed out by Ekardt [6] in the dipole case. The eigenvalue equation (35) may be compared
with equation (30) of reference [21], which was derived from a multidimensional extension of
the sum-rule approach and also to equation (58) of reference [22] derived from the random-
phase approximation (RPA) in th@—P representation.

Our method yields the best possible results, within the approximation fixed by equations
(8) and (9), if we fixk,,;, andg,,;, at the minimum allowed value%f;, = ¢.., = 0) and
allow simultaneously:,;,, — oo. Including all terms of an expansion of the generafor
would lead to the formulation of an exact classical RPA. As an example, in table 1 we give the
energies of the eigenmodes appearingfer 1 for different values ot y;,, (kinin = gmin = 0).

Each time that we increasg;,, by one unit we are adding a new term in expansions (28)
and (29), and as a consequence a new normal mode appears which has the particularity of
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Figure 1. The self-consistent equilibrium density (chain curve) of a cluster of sodiumNvith92

atoms and. = 0.05, obtained from equation (5), is plotted as a function/at;, wherer is the

radial distance from the centre a®g is the radius of the jellium. For comparison the analytical
density (v = 92,1 = 0.05) derived in reference [31] is given, as the continuous curve. Increasing
the value of) leads to a larger spill-out as may be seen by considering the dashed curve which
represents the analytical density & 92,1 = 0.2).

Table 1. For the multipolarity = 1, we give the energies of the eigenmodes for different truncation
schemes (corresponding tong:, < 6) in order to study the convergence of the present model.
We have considered a sodium cluster having 1000 atoms.

ho;  ngim =2  ngim =3  ngim=4 ngim =5 ngim =6
hop  3.32 3.39 3.39 3.38 3.38
hwp,  7.76 5.86 5.72 5.69 5.67
has 8.94 6.09 6.09 6.08
hawy 10.1 6.24 6.16
haws 11.4 6.76
hwg 13.5

being the eigenmode with the highest energy. When increasjpgthe energies of the lower
eigenmodes for big clusters show up as being very stable with respect to the values that they
possessed in the previous truncation scheme. We can conclude from table 1, referring to
Nagoo that the convergence is faster for the lower modes, which are, therefore, especially
stable. On the other hand, the convergence becomes worse as the size of cluster decreases
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even for the lower modes. When we study a cluster with a quantal electron density, perfect
numerical stability in our calculation is more difficult to obtain. Reinhard and co-workers

in their work [22] discussed the convergence of the expansion method, with respect to the
numberM of coupled modes (equivalent to ouy;,,,) and to the powergp, of the operators

used to obtain the eigenmode spectrum. They found that for values of the péwgrs ()

that are too close, the convergence becomes worse. This might be the reason for the inferior
convergence for small clusters in our work.

An interesting aspect is thg-dependence of the energies of the eigenmodes. We give in
figures 2—4 the energies of the eigenmodes (0 < 2) as obtained in the truncation schemes
corresponding ta,;,, = 3, 4 and 5. Firstly, on the basis of these figures we consider the
results obtained in the classical limit of a very large cluster; we obtain the following:

e For¢ = Othere is a mode with energy zero (which has no strengthyand; degenerate
eigenvalues with the bulk plasma frequenay £ w,). There exists thus for classical
metal spheres only one monopole mode with the bulk plasmon frequency.

o For afixed multipolarity > O there aré;,, — 1 degenerate eigenvalues= w, and one
non-degenerate eigenvalue

w=w; = w,/2+1)"?

Na, }\:0.05, E:Oa 19 25 ndim:3

10.0
1
— i \\_\‘
> i
& i
s ]
g 8.0 =i
=] 4
Z a
= - '\,\'
e _l‘ e
o \
& 6.0 —L ______________________________
< R i T T T T T T ST =T =g
= e
= i
O p—
<
m .
o
c;_',] —
= 404
N S
=
— B
O ﬁ,
20 [ I I [ 1 [ | | I l T ! T T T l T T T

0.0 200.0 400.0 600.0 800.0 1000.0
NUMBER OF ATOMS

Figure 2. The cluster excitation energy versus the number of atoms of the cluster, for sodium,
for angular momenta & ¢ < 2. The chain curves refer b= 0 normal modes, the full curves
refer to¢ = 1 normal modes and the dashed curves refér+o2 normal modes. The truncation
scheme corresponding Q;,, = 3 was considered. The equilibrium analytical density proposed
in reference [31] was used.
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Na, A=0.05, (=0, 1, 2, ng,=4
10.0

CLUSTER EXCITATION ENERGY [eV]

O e S N M N M s s s B e s s s s s B B

0.0 200.0  400.0 ©00.0 800.0 1000.0
NUMBER OF ATOMS

Figure 3. The same results as in figure 2, but fQf,, = 4.

which is the classical Mie frequency of the surface plasmon. Thus in classical spheres
there exists for each multipolarit§ a surface plasmon with the Mie frequency and a
volume plasmon with the bulk plasmon frequency.

In this way we have found that the classical Mie frequency can be recovered from the
hydrodynamic approach by solving the equation (36) for any multipolérity 0. The fact
that all volume plasmons are degenerate in this limit means that the eigenvalues of these
solutions do not depend on the radial form of the operé@of his is not surprising since this
limit is defined as the one for which the electron density is constant over the whole volume of
the cluster.

Secondly, from these figures we can see that in finite clusters the results change due to
gquantum and size effects. Surface and kinetic energy corrections will shift the energy away
from its classical limit for finite clusters. The kinetic energy of the electrons, exchange and
correlation effects and the finite spill-out of the density give a finite multipole strength to the
volume plasmons. This leads to a fragmentation (Landau damping).

The lower volume plasmon with multipolarity= 0 included in these figures is similar to
the ‘breathing-mode’ vibration (giant monopole resonance) of nuclei. Thedietdr? will
generate monopole volume oscillations. The energy of this mode increasedwhereases.

This behaviour, displayed also in figures 4-6 of reference [20] and figure 3 of reference [21],
was not found in previous works [29, 30] of the first author, where the spill-out of the valence
electrons outside the jellium was not taken into account. We can say that the diffuseness of
the equilibrium density has an important effect on this mode.
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Na, A=0.05, (=0, 1, 2, Tng,=5
10.0 ~ -

CLUSTER EXCITATION ENERGY [eV]

00 —TTrrTr 7 rrrr T T T T T T T

0.0 200.0 400.0 ©600.0 800.0 1000.0
NUMBER OF ATOMS

Figure 4. The same results as in figure 2, but fgf,, = 5.

For ¢ > 0, the lowest mode corresponds to a pure surface oscillation during which the
electron density is translated & 1) or deformed { > 1) but not compressed. We want to
point out that we obtain the well known red-shift of the dipole plasmon when the size of the
cluster decreases. This effect has often been reproduced by sum-rule methods and of course
by using the TDLDA but not using the hydrodynamic model. This effect is related to the
diffuseness of the electron density, which has not been considered in previous hydrodynamic
works [30]. To confirm the possibility, we have calculated for several valugglué energies
of the dipole mode. Figure 5 shows these results. The upper curve correspangsit®5,
the middle curve ta. = 0.2 and the lower curve td = 0.5. We see from this figure that the
downwards bending increases wheincreases. Besides the bending, increasing the value
of A also causes a global downwards shift of the curve. Thus, we can conclude that the red-
shifting of the dipole mode from the classical Mie value is a surface diffuseness effect in our
model.

For the rest of multipolarities¢(> 1) we also found indications of a red-shift of the
energies with respect to the Mie value.

The present model satisfies thwe- andm_;-sum rules. While the:;-sum has a closed
expression which is independent of the truncation schemevalue, then _1-sumis evaluated
by assuming an external potentiBl(xz) and by minimizing the energy, for the truncation
schemeny;,,-value that we are using (in an analogous way to that in reference [30]). We
consider the excitation operatabgx) = r? for £ = 0 andD(x) = 'Y, for £ > 0.

Intables 2—-5 we present the energies of the eigenmodegup ®for N = 1000 together
with the percentages of the;- andm_;-sum rules exhausted by each state, considering
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Figure 5. Cluster excitation energies for the lower dipole mode versus the number of atoms of
the cluster, for sodium, for different values af The curves correspond o= 0.05 (continuous
curve),A = 0.2 (dashed curve) and= 0.5 (dotted curve). The truncation scheme corresponding
to ngim = 4 was considered.

Table 2. For the multipolarities = 0, 1, 2, we list the excitation energies (second column),
the exhausted percentage of thg-sum rule (third column) and the exhausted percentage of
the m_1-sum rule (fourth column), for a sodium cluster 8f = 1000 atoms. The truncation
scheme corresponding tQ;,, = 3 was considered. The equilibrium analytical density proposed
in reference [31] was used.

&
(;V =10% Tw; (€V) my (fraction) m_; (fraction)
£=0; 5.78 Q07x 101 9.24x 107!
=05 6.48 934x 1072 7.56x 1072
¢=17 3.39 996x 1071 9.99x 107!
(=1; 5.86 308x 107°  1.04x 1073
(=13 8.94 522x 1074 7.54x 10°°
(=2 3.65 995x 1071 9.98x 107!
=2 5.96 382x 10°%  144x 1073
(=2 114 773x 107 7.90x 107°

different truncation schemes (corresponding:fg, = 3,4.5,6). For each multipolarity
¢ > 0, the lowest state (surface mode) exhausts almost the completndm _;-sum rules
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Table 3. The same results as in table 2, but evaluated wjth = 4.

o
(;\J =10%) Thw; (€V) my (fraction) m_; (fraction)
£=0; 5.64 579x 107! 6.17x 107!
=0} 6.08 405x 1071 3.71x 107!
=03 6.98 161x 1072 1.12x 1072
=17 3.39 994x 1071 9.98x 107!
(=1, 5.72 615x 107  2.16x 1073
=13 6.09 393x10°° 122x10°°
=1y 10.1 221x 1074 252x10°°
(=2 3.64 989x 1071 9.96x 107?
(=2 5.80 105x 102 4.17x 1073
=2 6.14 134x 1074 4.73x 1075
(=2 13.3 279x 104 2.09x 10°°

Table 4. The same results as in table 2, but evaluated wjfh = 5.

o
(;V =10%) Tw; (€V) my (fraction) m_; (fraction)
£=0; 5.61 553x 107! 594x 107!
=0} 6.07 300x 10t 2.76x 107!
=0} 6.19 145x 1071 128x 1071
=0 7.69 206x 107°  1.18x 1073
e=17 3.38 992x 101 9.97x 107!
(=1; 5.69 723x10°%  257x 1073
(=13 6.09 190x 10°  5.90x 10°°
(=1 6.24 289x 1074  854x 10°°
(=1 11.4 390x10° 345x10°°
(=2 3.63 986x 1071 9.94x 1071
(=2 5.77 133x 1072 531x 1073
(=2 6.13 182x 1074 6.46x 1075
=2 6.30 470x 1074 1.58x 107*
=2 15.6 341x10°° 187x10°°

and has an energy close to the corresponding Mie value:

hoM® = Tiw,\/€/ (20 + 1)

as has already been discussed. Hepg = 6.0495 eV is the energy of the bulk volume
plasmon. Furthermore, in table 6 we givg/{(m1/m_1)} which indicates the position of an
eigenmode that exhausts fully both the- andm _;-sum rules.

In figure 6 we plot the fractions of the sumsg andm_1, respectively, exhausted by the
different modes in the truncation scheme corresponding;tp = 5. It is clear that for large
values ofN and for¢ > 0 most of the strength is concentrated in the low-energy mode (surface
mode). For small values df there is a redistribution of the strength. This behaviour was
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Table 5. The same results as in table 2, but evaluated wjth) = 6.

&
(;V =10°) Thw; (eV) my (fraction) m_; (fraction)
¢=0f 5.58 513x 1071 557x 107!
=03 6.07 359x 1071 330x 107!
=03 6.11 945x 1072 857 x 1072
=0 6.51 340x 1072 2.72x 1072
£=0; 9.11 957x 107°  3.91x 10°°
¢=17 3.38 992x 107t 9.97x 107!
t=1,; 5.67 762x 107 273x 1073
(=13 6.08 127x 1075 3.95x 1076
(=1 6.16 360x 10°°  1.09x 10°°
=15 6.76 435x 10*  1.09x 1074
(=13 135 748x 10°%  4.74x 1077
=27 3.63 985x 1071 9.94x 107!
t=2 5.75 139x 1072  5.60x 1072
(=2 6.10 463x 10 1.66x 107°
=2 6.29 287x 107 964x 10°°
e=2¢ 6.82 718x 1074 2.05x 107*
=2 18.9 196x 10°  7.26x 1077

Table 6. For the multipolarities listed in the first column, the quantiﬂ@ér_nl/m_l) are calculated
with different values ofi4;,,, wherem, andm_, are the energy-weighted and the inverse energy-
weighted sums. The equilibrium analytical density of [31] for a sodium cluster Mite 1000

was used.
o h ml/m,l (eV) I3 ml/m,l (eV) 3 ml/m,l (eV) h, ml/m,l (eV)
(N = 1§) (ngim = 3) (naim =4 (Ngim = 5) (gim = 6)
o* 5.83 5.82 5.82 5.82
1~ 3.40 3.39 3.39 3.39
2* 3.66 3.65 3.65 3.65

not apparent in any previous work on clusters where the hydrodynamic model was used. We
also see that, as we consider larger valueg tie fraction of the sum rules exhausted by the
surface mode decreases. This might suggest théatimsreases the strength becomes more
distributed.

We see that the spill-out of the valence electrons has a very important role, leading to a
red-shift of the energies and also to a mixture of the modes when the number of atoms in the
cluster decreases. To our knowledge, this is the first time that such effects, which have already
been studied with other methods, have been obtained within the hydrodynamic model.

7. Conclusions

The fluid-dynamical model presented here is based on the Thomas—Fermi approximation. Itis
able to describe the main features of cluster excitations, giving a good prediction of the excited
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Figure 6. Fractions of theni-sum rule versus the number of atoms of the cluster, for sodium, for
angular momenta & ¢ < 2. The chain curves refer to= 0 normal modes, the full curves refer
to¢ = 1 normal modes and the dashed curves reféro2 normal modes. The truncation scheme
corresponding tay;,, = 5 was considered.

energies, especially for larger clusters, where microscopic calculations such as TDLDA ones
are nearly impossible and semiclassical aspects play a dominant role. It has the advantage of
being able to handle clusters with a large number of atoms, not only yielding the excitation
energies and the exhausted fractions of important sum rules, but also providing a deeper
physical insight.

Sum-rule-based methods are useful tools for investigating collective dynamical properties
of many-body systems; however, a fluid-dynamical formulation, such as the one presented
here, allows us to access problems which are beyond the scope of a pure sum-rule approach.
To our knowledge, all previous works using this hydrodynamic approach have used equilibrium
electron densities with a sharp surface (step function) and they are not able to take into account
some of the surface effects. Inthe presentarticle we have followed closely reference [30] where
a hydrodynamic description of both volume and surface modes in metal clusters is considered.
We have extended the model in order to take into account the spill-out. In order to do this, we
have introduced in the energy functional a term with gradients of the density (theatiegzs
correction) which is connected to a smooth surface profile.

The approximate eigenmodes are obtained by diagonalizing a matrix of dimension
Naim X Naim Whereng;,, is the number of terms introduced in the expansions (28) and (29). For
each multipolarity¢ > 0, one of these modes is a pure surface oscillation and the other
eigenmodes are volume modes which may be interpreted as the remainder of a strongly
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fragmented volume plasmon. ThHe = 0 modes correspond to spherically symmetrical
oscillations of the electron gas. We have recovered the well known classical Mie expression
for the energies of the surface modes and we have shown that the energies of the volume modes
approach the energy of the volume plasmon.

The normal modes fulfil the energy-weighted sum rule, the inverse energy-weighted sum
rule and orthogonality relations.

The main advantage of the present formulation is that we are able to describe the surface
modes for large clusters with a small numerical effort—three tenmgs (= 3) in the expansions
(28) and (29) are already sufficient. For smaller clusters our results seem to indicate the
existence of a red-shift and of a redistribution of the strength. These two effects are due to our
having taken into account in the equilibrium density the spill-out of the valence electrons.

It should be observed that our approach, being based on the Thomas—Fermi method, is not
expected to describe adequately oscillations of particle density with wavelength smaller than
the Fermi wavelength. Moreover, it neglects all friction due to electron—electron collisions or
of any other origin. As a result, the lifetime of the plasmon mode falls outside the scope of
our calculation.

It would be very interesting to compare the spill-out of the electrons, obtained here, with
the same spill-out obtained from a full quantal Kohn—Sham calculation. Unfortunately we are
not aware of such a calculation.
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