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Abstract. We calculate the eigenmode spectrum for collective multipole vibrations of the
electrons of alkali clusters including coupling between surface and volume plasmons. We formulate
the equations of motion for the collective variables (density and velocity potential) starting from
the hydrodynamic approximation. We investigate the effect of the diffusibility of the valence
electrons on their collective modes, considering an equilibrium density of the valence electrons
with a smooth surface profile. This effect was not considered in previous work carried out by the
first author, who assumed the equilibrium density of the valence electrons to be a constant that has
the bulk value. The results indicate that, within the hydrodynamic model, surface spill-out effects
lead to a tendency for a red-shift from the Mie frequency and a mixing of resonance modes when
the size of the cluster decreases. The eigenmodes fulfil the linear energy-weighted sum rule, the
inverse energy-weighted sum rule and orthogonality relations.

1. Introduction

In recent years the study of the electronic response of small metal particles to external fields
has received much attention; for reviews see [1,2]. The most complete theory available is the
time-dependent local density approximation (TDLDA) [3–6], based on the mean-field density
functional theory (DFT), within the local density approximation for treating the electron–
electron interaction [7]. This theory has reproduced the gross features of the experimental
findings [8–10]. The second author studied some applications of this theory including the
polarization of the spin [11]. It is worth emphasizing that the RPA [12] is the small-amplitude
limit of the TDLDA and the two methods are equivalent as regards studying the energy spectrum
of these systems. However, the TDLDA or a full RPA requires a large numerical effort and the
calculations soon become prohibitive when the number of atoms is increased. It is important to
discover whether simpler approximations are able to reproduce the main physical results of this
theory. Related to the TDLDA and RPA are the sum-rule [13,14] and nuclear fluid-dynamical
approaches [15–17].

The sum-rule approach has proven to be extremely useful in describing giant resonances
in atomic nuclei [18]. The sum rules concern the integral of the response function weighted
with different powers of the frequency. An estimate of the frequency of the plasmon may be
obtained from two sum rules assuming that one state exhausts the sum rules. The easiest one
to evaluate is the well known Thomas–Reiche–Kuhn (TRK) sum rule. Bertsch and Ekardt, in
their work [19], concentrated on the cubic energy-weighted sum(m3), which can be expressed
in a closed form, and they derived a formula for the plasmon (` = 1) in finite spherical
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metal particles. They showed that the plasmon in a jellium model is red-shifted from the Mie
frequency when the size of the cluster decreases.

Serra and co-workers [20] have extended the work of Bertsch and Ekardt to all multipole
surface modes and they have also presented some results for the` = 0 volume mode. In the
dipole case (̀= 1), only the jellium–electron Coulomb energy contributes tom3. The kinetic
and electron–electron Coulomb contributions vanish because the operatorrY1,0 corresponds
to a translation of the electron cloud as a whole. Only the translational-symmetry-breaking
jellium field gives a non-zero contribution. They have also obtained the well known red-
shift of the energies of plasmons due to the diffuseness of the electron density. For the
higher multipolarities (̀ > 1), them3-sum rule will consist of three terms, coming from
the kinetic energy density, from the electron–electron Coulomb energy and from the jellium–
electron Coulomb energy. Pure volume terms like the Coulomb-exchange contribution and
the correlation energy do not contribute tom3.

Brack [21] has proposed a semiclassical extension of the RPA sum-rule approach for
calculating estimates of the peak positions and widths of collective multipole excitations of
the electrons. He has arrived at the same expressions form3 using a similar technique, but
using a trial Thomas–Fermi density instead of the quantal Kohn–Sham density and taking
the fourth-order gradient corrections to the kinetic energy. He has used a multidimensional
extension of the sum-rule approach to study the coupling of surface and volume plasmons
for all multipolarities, introducing a set of trial operatorsQp

` = rpY`,0 for each multipolarity,
with p being a positive number. He obtained a matrix equation leading toM eigenmodes, for
each multipolaritỳ , with frequenciesωm. These modes satisfy the orthogonality relations
and fulfil the linear and the cubic energy-weighted sum rules.

Reinhard and Brack in their work with Genzken [22] have introduced a representation of
the RPA in terms of coordinate-like operatorsQ and momentum-like operatorsP . They have
derived a variational principle forQ-variation. In particular, they have discussed a restricted
set of local operatorsQ(r) leading to a differential equation quite similar to the nuclear fluid-
dynamical equations. The practical solution of the collective eigenvalue problem for a given
multipolarity proceeds via a power expansion ofQ(r) and the solution of a secular equation
for coupled modes.

On the other hand, semiclassical methods have provided a possible alternative for studying
the properties of heavy nuclei [23–28] and their use has proved to be particularly fruitful in
this area. These methods are rather intuitive and they have a great physical appeal since
they describe the collective motion in terms of physically meaningful quantities, such as the
current density. These quantities are related to the distribution functionf in r,p-space.
The calculations involved in solving the semiclassical problem have the advantage of being
simpler than a full quantum mechanical calculation. The numerical effort involved in these
calculations does not depend on the number of atoms of the metal cluster, and therefore they
can be applied to arbitrarily large systems. Related models have recently been applied to
describe the dynamics of the valence electrons in a metal cluster and of the valence electrons
in the metal surrounding a spherical cavity (void) [29, 30]. The hydrodynamic equations are
solved by means of a variational principle; the result obtained is a simultaneous description of
the surface and volume modes of the valence electrons. In references [29,30] the equilibrium
density of the valence electrons has been considered as a step function with the following
shape:n0(r) = n0(0)θ(R − r), wheren0(0) is the bulk equilibrium density of the valence
electrons. In references [29, 30] the energy of the surface plasmon (` = 1) is independent of
the size of clusters and is equal to the Mie value, ¯hω = h̄ωp/

√
3 whereh̄ωp stands for the

energy of the bulk volume plasmon.
In this paper we investigate the effect that the profile of the equilibrium density of the
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valence electrons has on the collective modes obtained within the hydrodynamic model. We
take into account in the energy density a term involving derivatives of the density which is
associated with the valence electron density spillage outside of the domain occupied by the
jellium. The consideration of the effect of the spill-out of the valence electrons is expected
to contribute to a better description of the collective modes of the valence electrons. To our
knowledge, this is the first time that a quantal electronic density has been considered within
the hydrodynamic model.

The paper is organized as follows. We shall describe how we obtain the electronic density
of the equilibrium state in section 2. The Lagrangian and equations of motion will be briefly
reviewed in section 3 and the orthogonality and sum rules in section 4. In section 5 the
polynomial approximation used in this work will be discussed. The numerical results for the
surface and volume modes and the sum rules will be presented in section 6. Finally, we shall
make some concluding remarks in section 7.

2. The equilibrium state

In order to study small-amplitude vibrations we start by determining the equilibrium density
of the valence electrons in a metal cluster.

In the classical limit the Wigner transform of the single-particle density matrix is a function
f (r,p, t)which acts as a distribution function inr,p-space. To describe the equilibrium state
of the gas of valence electrons, we consider a Fermi-type distribution function:

f0 = 2
(
µ0 − p2

2m
− U0(r)

)
(1)

whereµ0 is the chemical potential andU0(r) is the self-consistent equilibrium potential. We
assume that in the equilibrium state the energy of the system is represented by the following
LDA functionalE[n] proposed in reference [31]:

E[n] =
3∑

p=1

τp

∫
dx nγp +

h̄2λ

8m

∫
(∇n)2
n

dx

− e
∫
V (x)n(x) dx +

1

2

e2

4πε0

∫ ∫
n(x1)n(x2)

|x1− x2| dx1 dx2 (2)

where

τ1 = 3h̄2

10m
(3π2)2/3 τ2 = −3

4

(
3

π

)1/3
h̄2

ma0
τ3 = −0.0635

(
4π

3

)1/6
h̄2

ma
3/2
0

. (3)

γ1 = 5/3, γ2 = 4/3, γ3 = 7/6; a0 is the Bohr radius;n stands for the density of valence
electrons. The mean fieldV (x), created by the positive ions, is obtained in the spherical-jellium
approximation, which has been used to explain many of the properties of metal clusters [32–36].
The Weizs̈acker term(h̄2λ/8m)[(∇n)2/n] appearing in the energy density has a big influence
on the electron surface diffuseness and on the exponential fall-off of the electron density as
well.

The equilibrium density is obtained by minimizing the energy functional with respect to
n, using the constraint that the total number of valence electrons is fixed. We have

δ(E − µ0N) = 0 (4)

whereN stands for the total number of valence electrons. The self-consistent equilibrium
densityn0 fulfils the equation

δE

δn
= µ0. (5)
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3. The Lagrangian and equations of motion

The time-dependent distribution functionf describing some type of motion of the system is
related to the equilibrium distribution functionf0 by means of a time-dependent canonical
transformation:

f = f0 + {f0, S} + 1

2
{{f0, S}, S} + · · · (6)

where the curly brackets{ , } stand for the Poisson brackets. The time-dependent generator
S determines the type of motion that the system is exhibiting. Such a generator appears as
a solution of the Vlasov equation. Since we consider small-amplitude vibrations, we will be
concerned with the linearized Vlasov equation. The generatorS may be decomposed into a
time-even partQ and a time-odd partP :

S(x,p, t) = Q(x,p, t) + P(x,p, t). (7)

We consider a restricted variational space for the generatorS and we obtain approximate
solutions by means of the quantum mechanical variational principle. An explicit expression
for the generatorQ may be obtained by considering a general expansion in powers of the
momentum (including only even powers of the momentum) and truncating the expansion at
some point. In this paper we only consider the lowest-order truncation scheme:

Q = ψ(x, t). (8)

For the generatorP , instead of considering an analogous expansion in powers of the
momentum, we defineP as the generator of a canonical transformation such that the following
equation is satisfied:

f0 + {f0, P } + 1

2
{{f0, P }, P } + · · · = 2

(
µ0 − p2

2m
− U0(r)−W(x, t)

)
. (9)

We consider the quantum mechanical Lagrangian

L = ih̄〈φ|φ̇〉 − 〈φ|H |φ〉 (10)

and a time-dependent Slater determinant|φ〉, which is related to the Slater determinant|φ0〉
describing the ground state by means of the unitary transformation

|φ〉 = exp(iŜ/h̄)|φ0〉 (11)

where Ŝ = Q̂ + P̂ is a one-body time-dependent Hermitian generator. The generatorsQ

andP defined in equations (8) and (9) are the classical limit of the Wigner transforms of the
Hermitian time-dependent operatorsQ̂ andP̂ . Here, and in the following equations, the dots
over the dynamical fields indicate time derivatives. For small-amplitude deviations from the
equilibrium state, one obtains, up to second order inŜ, the following harmonic Lagrangian:

L(2) = i

2h̄
〈φ0|[Ŝ, ˙̂

S]|φ0〉 − 1

2h̄2 〈φ0|[Ŝ, [H, Ŝ]] |φ0〉. (12)

Considering the classical limit of the Wigner transform of the quantal Lagrangian (12) and
taking into account the parametrization ofS indicated by the equations (8) and (9), we write
the following semiclassical effective Lagrangian:

L(2) = −
∫

dx n1ψ̇ − T (2)[ψ ] − E(2)[n1] (13)
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where

T (2)[ψ ] = 1

2m

∫
dx n0(∇ψ) · (∇ψ) (14)

E(2)[n1] = 1

2

e2

4πε0

∫ ∫
dx1 dx2

n1(x1)n1(x2)

|x1− x2| +
3∑

p=1

1

2
τpγp(γp − 1)

∫
dx n

γp−2
0 n2

1

+
h̄2λ

8m

∫
dx

1

n0

[
(∇n1) · (∇n1)− 2(∇n0) · (∇n1)

n1

n0

]
(15)

andn1 = n− n0 is the fluctuation of the density.
The action integral should be stationary if we allow for arbitrary variations of the collective

coordinatesψ andn1:

δ

∫ t2

t1

dt (L +µN)(2) = 0 (16)

where the Lagrange multiplierµ takes care of the particle number conservation:∫
dx n1 = 0.

Since the variationsδψ andδn1 are arbitrary, the equations of motion of the system follow:

ṅ1 +∇ ·
(
n0

m
∇ψ

)
= 0 (17)

ψ̇ +
δE(2)[n1]

δn1
− µ1 = 0 (18)

where

δE(2)[n1]

δn1
= e2

4πε0

∫
dx2

n1(2)

|x1− x2| +
3∑

p=1

τpγp(γp − 1)n
γp−2
0 n1

+
h̄2λ

4m

[
−∇ ·

(
∇n1

n0

)
+∇ ·

(
n1

n2
0

∇n0

)
− 1

n2
0

(∇n0) · (∇n1)

]
(19)

andµ1 = µ−µ0. We note that the Lagrangian multiplierµ only applies tò = 0. For` > 0
it follows automatically from the orthogonality of the spherical harmonics that∫

dx n1 = 0.

4. Orthogonality and sum rules

The variational principle has the advantage that it is related to important sum rules which are
fulfilled by the solutions of the equations of motion. This allows us to study the strength
associated with the different eigenmodes. We seek solutions of the form

A(x, t) =
∑
j

A
(j)
(x) sin(ωj t + δj ) (20)

for the fieldn1 and of the form

B(x, t) =
∑
j

B
(j)
(x) cos(ωj t + δj ) (21)

for the velocity potentialψ .
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Using equation (17) and replacingδψ byψ(i), it is easy to show that∫
dx

n0

2m
(∇ψ(i)) · (∇ψ(j)) = 1

2

∫
dx ψ(i)ṅ

(j)

1 =
1

2

∫
dx ψ(j)ṅ

(i)
1 . (22)

Using equations (18) and (19) it may be seen that

1

2

e2

4πε0

∫ ∫
dx1 dx2

ṅ
(i)
1 (1)ṅ

(j)

1 (2)

|x1− x2| +
3∑

p=1

1

2
τpγp(γp − 1)

∫
dx n

γp−2
0 ṅ

(i)
1 ṅ

(j)

1

+
h̄2λ

8m

∫
dx

1

n0

[
(∇ṅ(i)1 ) · (∇ṅ

(j)

1 )− (∇n0) · (∇ṅ(i)1 )
ṅ
(j)

1

n0

− (∇n0) · (∇ṅ(j)1 )
ṅ
(i)
1

n0

]
= 1

2

∫
dx ṅ(i)1

δE(2)[ṅ(j)1 ]

δṅ
(j)

1

= −1

2

∫
dx ṅ(i)1 ψ̈

(j) = 1

2
ω2
j

∫
dx ṅ(i)1 ψ

(j). (23)

From equations (22) and (23) we obtain the orthogonality relations. We write

n
(j)

1 (x, t) = n(j)1 (x)αj (t)

ψ(j)(x, t) = ψ(j)
(x)βj (t)

whereαj ∝ sin(ωj t + δj ) andβj ∝ cos(ωj t + δj ). It may be easily seen that ifω2
i 6= ω2

j , then
the orthogonality relations may be written as follows:

1

2

∫
dx n(i)1 ψ

(j) = δij . (24)

This model satisfies the energy-weighted sum rule (form1) as well as the inverse energy-
weighted sum rule (form−1). Let

D̂ =
N∑
i=1

D(xi )

be an excitation operator. We expandD(x) in the basis of the eigenfunctionsψ
(j)

:

D(x) =
∑
j

cjψ
(j)
(x) =

∑
j

cjψ
(j)(x, 0)

where in equations (20) and (21) all theδj were taken to be zero, since

cj = 1

2

∫
dx Dn(j)1 . (25)

Following references [28,30], it may be shown that the present model fulfils them1-sum rule:∑
j

ωj c
2
j = m1 ≡ T (2)[D] (26)

and them−1-sum rule:∑
j

c2
j

ωj
= m−1 ≡ E(2)[n1]. (27)

The fieldn1 in equation (27) is such thatn = n0 + n1 is the polarization density associated
with the external potentialD.
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5. Polynomial approximation

Instead of solving exactly the equations of motion (17) and (18), it is more convenient to look
for approximate solutions using a variational method. We make an expansion of the dynamical
fieldsψ andn1 in multipoles and, for each multipolarity, we express the radial dependence as
follows:

ψ =
kmax∑
k=kmin

ak(t)r
kY`0 (28)

n1 =
(
n0

qmax−1∑
k=qmin

bk(t)r
k + bqmax (t)

dn0

dr

)
Y`0 (29)

where k assumes all the integer values betweenkmin and kmax (or qmin and qmax − 1),
qmax = qmin + ndim − 1 andkmax = kmin + ndim − 1. In the expansion forn1 we have
introduced a term proportional to dn0/dr because we expect such a term to be important for
describing surface modes. We have associated the same numberndim of variational parameters
with both fieldsψ andn1. We choosekmin = qmin = 0. The truncation scheme that we
choose for the numerical calculations is determined by the value ofndim. We now consider
the effective Lagrangian given by equations (13)–(15) to obtain approximate solutions of the
equations (17) and (18).

Inserting expressions (28) and (29) into equations (13)–(15), we write out the Lagrangian

L(2) =
∑
kq

[
Ckqakḃq − 1

2m
Akqakaq − 1

2
Bkqbkbq

]
(30)

where

Akj =
∫

dr n0r
k+j [kj + `(` + 1)] (31)

Ckj =
∫

dr r2+kñ1(j, r) (32)

Bkj = e2

4πε0

4π

2` + 1

{∫ ∞
0

dr1 r
−`+1
1 ñ1(k, r1)

∫ r1

0
dr2 r

`+2
2 ñ1(j, r2)

}
+

e2

4πε0

4π

2` + 1

{∫ ∞
0

dr2 r
−`+1
2 ñ1(j, r2)

∫ r2

0
dr1 r

`+2
1 ñ1(k, r1)

}
+
λh̄2

4m

∫
dr r2 1

n0

{
dñ1(k, r)

dr

dñ1(j, r)

dr
+
`(` + 1)

r2
ñ1(k, r)ñ1(j, r)

}
− λh̄

2

4m

∫
dr r2 1

n2
0

dn0

dr

{
dñ1(k, r)

dr
ñ1(j, r) +

dñ1(j, r)

dr
ñ1(k, r)

}
+

3∑
p=1

τpγp(γp − 1)
∫

dr r2n
γp−2
0 ñ1(k, r)ñ1(j, r). (33)

We have defined

n1 =
∑
k

bk(t)ñ1(k, r)Y`0

where

ñ1(k, r) =
 r

kn0 if qmin 6 k < qmax
dn0

dr
if k = qmax .
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On requiring the action integral to be stationary for arbitrary variations of the variablesaq
andbq , the following equations are obtained:∑

q

(
Ckqḃq − 1

m
Akqaq

)
= 0 (34)

and ∑
k

(−Ckqȧk − Bkqbq) = 0. (35)

We assume harmonic time dependence for the variablesak andbk. The eigenmodes are then
easily obtained from equations (34) and (35):

mω2[b] = [CT]−1[A][C]−1[B][b] (36)

where: [a] and [b] are the vectors with componentsak andbk; and [A], [B] and [C] are the
matrices with componentsAik, Bik andCik. Solving the eigenvalue equation we obtain the
normal modes, which are characterized by the eigenfrequenciesωj and the eigenvectors [a](j).
The vectors [b](j) are easily obtained.

We have developed a computer program for solving this equation, which is a numerical
equation. In previous works which have used the hydrodynamic approach, the electronic
equilibrium density was a step function and the calculations were easier. Now we work with
quantal electronic densities and the difficulty increases.

6. Numerical results

We study the collective modes of sodium clusters with atomic numbers,N , from 8 to 1000.
First of all, we need the equilibrium density of the valence electrons. The densities in figure 1
correspond to the Na92 cluster. The chain curve is the density obtained from the equilibrium
equation (5) usingλ = 0.05. The full and dashed curves are the densities obtained from the
analytical expression given in [31] forλ = 0.05 andλ = 0.2, respectively. Also shown is the
jellium constant density. We can see from this figure that the spill-out of the density increases
whenλ increases. The results presented in this article correspond toλ = 0.05.

The self-consistent equilibrium density is obtained from equation (5), using an appropriate
computational program. However, this is a process with a slow convergence, especially for
large clusters. Thus, in this work we have used the analytical expression for the density
proposed in [31], which is much easier to handle.

One of the main advantages of the hydrodynamic approach is the fact that for each choice
of ndim we obtain, for each multipolaritỳ, ndim excited states of the system and not only the
‘most collective’ state, as in the sum-rule-based formalisms [19,20]. In this way we can study
very easily the coupling between the surface and volume plasmons for all multipolarities as
pointed out by Ekardt [6] in the dipole case. The eigenvalue equation (35) may be compared
with equation (30) of reference [21], which was derived from a multidimensional extension of
the sum-rule approach and also to equation (58) of reference [22] derived from the random-
phase approximation (RPA) in theQ–P representation.

Our method yields the best possible results, within the approximation fixed by equations
(8) and (9), if we fixkmin andqmin at the minimum allowed values (kmin = qmin = 0) and
allow simultaneouslyndim → ∞. Including all terms of an expansion of the generatorS

would lead to the formulation of an exact classical RPA. As an example, in table 1 we give the
energies of the eigenmodes appearing for` = 1 for different values ofndim (kmin = qmin = 0).
Each time that we increasendim by one unit we are adding a new term in expansions (28)
and (29), and as a consequence a new normal mode appears which has the particularity of
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Figure 1. The self-consistent equilibrium density (chain curve) of a cluster of sodium withN = 92
atoms andλ = 0.05, obtained from equation (5), is plotted as a function ofr/RJ , wherer is the
radial distance from the centre andRJ is the radius of the jellium. For comparison the analytical
density (N = 92,λ = 0.05) derived in reference [31] is given, as the continuous curve. Increasing
the value ofλ leads to a larger spill-out as may be seen by considering the dashed curve which
represents the analytical density (N = 92,λ = 0.2).

Table 1. For the multipolaritỳ = 1, we give the energies of the eigenmodes for different truncation
schemes (corresponding to 26 ndim 6 6) in order to study the convergence of the present model.
We have considered a sodium cluster having 1000 atoms.

h̄ωi ndim = 2 ndim = 3 ndim = 4 ndim = 5 ndim = 6

h̄ω1 3.32 3.39 3.39 3.38 3.38

h̄ω2 7.76 5.86 5.72 5.69 5.67

h̄ω3 8.94 6.09 6.09 6.08

h̄ω4 10.1 6.24 6.16

h̄ω5 11.4 6.76

h̄ω6 13.5

being the eigenmode with the highest energy. When increasingndim, the energies of the lower
eigenmodes for big clusters show up as being very stable with respect to the values that they
possessed in the previous truncation scheme. We can conclude from table 1, referring to
Na1000, that the convergence is faster for the lower modes, which are, therefore, especially
stable. On the other hand, the convergence becomes worse as the size of cluster decreases
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even for the lower modes. When we study a cluster with a quantal electron density, perfect
numerical stability in our calculation is more difficult to obtain. Reinhard and co-workers
in their work [22] discussed the convergence of the expansion method, with respect to the
numberM of coupled modes (equivalent to ourndim) and to the powerspα of the operators
used to obtain the eigenmode spectrum. They found that for values of the powers (δpα 6 1)
that are too close, the convergence becomes worse. This might be the reason for the inferior
convergence for small clusters in our work.

An interesting aspect is theN -dependence of the energies of the eigenmodes. We give in
figures 2–4 the energies of the eigenmodes (06 ` 6 2) as obtained in the truncation schemes
corresponding tondim = 3, 4 and 5. Firstly, on the basis of these figures we consider the
results obtained in the classical limit of a very large cluster; we obtain the following:

• For` = 0 there is a mode with energy zero (which has no strength) andkdim−1 degenerate
eigenvalues with the bulk plasma frequency (ω = ωp). There exists thus for classical
metal spheres only one monopole mode with the bulk plasmon frequency.
• For a fixed multipolaritỳ > 0 there arekdim−1 degenerate eigenvaluesω = ωp and one

non-degenerate eigenvalue

ω = ω` = ωp(`/(2` + 1))1/2

Figure 2. The cluster excitation energy versus the number of atoms of the cluster, for sodium,
for angular momenta 06 ` 6 2. The chain curves refer tò= 0 normal modes, the full curves
refer to` = 1 normal modes and the dashed curves refer to` = 2 normal modes. The truncation
scheme corresponding tondim = 3 was considered. The equilibrium analytical density proposed
in reference [31] was used.
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Figure 3. The same results as in figure 2, but forndim = 4.

which is the classical Mie frequency of the surface plasmon. Thus in classical spheres
there exists for each multipolaritỳ a surface plasmon with the Mie frequency and a
volume plasmon with the bulk plasmon frequency.

In this way we have found that the classical Mie frequency can be recovered from the
hydrodynamic approach by solving the equation (36) for any multipolarity` > 0. The fact
that all volume plasmons are degenerate in this limit means that the eigenvalues of these
solutions do not depend on the radial form of the operatorQ. This is not surprising since this
limit is defined as the one for which the electron density is constant over the whole volume of
the cluster.

Secondly, from these figures we can see that in finite clusters the results change due to
quantum and size effects. Surface and kinetic energy corrections will shift the energy away
from its classical limit for finite clusters. The kinetic energy of the electrons, exchange and
correlation effects and the finite spill-out of the density give a finite multipole strength to the
volume plasmons. This leads to a fragmentation (Landau damping).

The lower volume plasmon with multipolaritỳ= 0 included in these figures is similar to
the ‘breathing-mode’ vibration (giant monopole resonance) of nuclei. The fieldQ = r2 will
generate monopole volume oscillations. The energy of this mode increases whenN increases.
This behaviour, displayed also in figures 4–6 of reference [20] and figure 3 of reference [21],
was not found in previous works [29,30] of the first author, where the spill-out of the valence
electrons outside the jellium was not taken into account. We can say that the diffuseness of
the equilibrium density has an important effect on this mode.
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Figure 4. The same results as in figure 2, but forndim = 5.

For ` > 0, the lowest mode corresponds to a pure surface oscillation during which the
electron density is translated (` = 1) or deformed (̀ > 1) but not compressed. We want to
point out that we obtain the well known red-shift of the dipole plasmon when the size of the
cluster decreases. This effect has often been reproduced by sum-rule methods and of course
by using the TDLDA but not using the hydrodynamic model. This effect is related to the
diffuseness of the electron density, which has not been considered in previous hydrodynamic
works [30]. To confirm the possibility, we have calculated for several values ofλ the energies
of the dipole mode. Figure 5 shows these results. The upper curve corresponds toλ = 0.05,
the middle curve toλ = 0.2 and the lower curve toλ = 0.5. We see from this figure that the
downwards bending increases whenλ increases. Besides the bending, increasing the value
of λ also causes a global downwards shift of the curve. Thus, we can conclude that the red-
shifting of the dipole mode from the classical Mie value is a surface diffuseness effect in our
model.

For the rest of multipolarities (` > 1) we also found indications of a red-shift of the
energies with respect to the Mie value.

The present model satisfies them1- andm−1-sum rules. While them1-sum has a closed
expression which is independent of the truncation schemendim-value, them−1-sum is evaluated
by assuming an external potentialD(x) and by minimizing the energy, for the truncation
schemendim-value that we are using (in an analogous way to that in reference [30]). We
consider the excitation operatorsD(x) = r2 for ` = 0 andD(x) = r`Y`0 for ` > 0.

In tables 2–5 we present the energies of the eigenmodes up to` = 2 forN = 1000 together
with the percentages of them1- andm−1-sum rules exhausted by each state, considering
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Figure 5. Cluster excitation energies for the lower dipole mode versus the number of atoms of
the cluster, for sodium, for different values ofλ. The curves correspond toλ = 0.05 (continuous
curve),λ = 0.2 (dashed curve) andλ = 0.5 (dotted curve). The truncation scheme corresponding
to ndim = 4 was considered.

Table 2. For the multipolarities̀ = 0, 1, 2, we list the excitation energies (second column),
the exhausted percentage of them1-sum rule (third column) and the exhausted percentage of
them−1-sum rule (fourth column), for a sodium cluster ofN = 1000 atoms. The truncation
scheme corresponding tondim = 3 was considered. The equilibrium analytical density proposed
in reference [31] was used.

`πi
(N = 103) h̄ωi (eV) m1 (fraction) m−1 (fraction)

` = 0+
1 5.78 9.07× 10−1 9.24× 10−1

` = 0+
2 6.48 9.34× 10−2 7.56× 10−2

` = 1−1 3.39 9.96× 10−1 9.99× 10−1

` = 1−2 5.86 3.08× 10−3 1.04× 10−3

` = 1−3 8.94 5.22× 10−4 7.54× 10−5

` = 2+
1 3.65 9.95× 10−1 9.98× 10−1

` = 2+
2 5.96 3.82× 10−3 1.44× 10−3

` = 2+
3 11.4 7.73× 10−4 7.90× 10−5

different truncation schemes (corresponding tondim = 3, 4, 5, 6). For each multipolarity
` > 0, the lowest state (surface mode) exhausts almost the completem1- andm−1-sum rules
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Table 3. The same results as in table 2, but evaluated withndim = 4.

`πi
(N = 103) h̄ωi (eV) m1 (fraction) m−1 (fraction)

` = 0+
1 5.64 5.79× 10−1 6.17× 10−1

` = 0+
2 6.08 4.05× 10−1 3.71× 10−1

` = 0+
3 6.98 1.61× 10−2 1.12× 10−2

` = 1−1 3.39 9.94× 10−1 9.98× 10−1

` = 1−2 5.72 6.15× 10−3 2.16× 10−3

` = 1−3 6.09 3.93× 10−5 1.22× 10−5

` = 1−4 10.1 2.21× 10−4 2.52× 10−5

` = 2+
1 3.64 9.89× 10−1 9.96× 10−1

` = 2+
2 5.80 1.05× 10−2 4.17× 10−3

` = 2+
3 6.14 1.34× 10−4 4.73× 10−5

` = 2+
4 13.3 2.79× 10−4 2.09× 10−5

Table 4. The same results as in table 2, but evaluated withndim = 5.

`πi
(N = 103) h̄ωi (eV) m1 (fraction) m−1 (fraction)

` = 0+
1 5.61 5.53× 10−1 5.94× 10−1

` = 0+
2 6.07 3.00× 10−1 2.76× 10−1

` = 0+
3 6.19 1.45× 10−1 1.28× 10−1

` = 0+
4 7.69 2.06× 10−3 1.18× 10−3

` = 1−1 3.38 9.92× 10−1 9.97× 10−1

` = 1−2 5.69 7.23× 10−3 2.57× 10−3

` = 1−3 6.09 1.90× 10−5 5.90× 10−6

` = 1−4 6.24 2.89× 10−4 8.54× 10−5

` = 1−5 11.4 3.90× 10−5 3.45× 10−6

` = 2+
1 3.63 9.86× 10−1 9.94× 10−1

` = 2+
2 5.77 1.33× 10−2 5.31× 10−3

` = 2+
3 6.13 1.82× 10−4 6.46× 10−5

` = 2+
4 6.30 4.70× 10−4 1.58× 10−4

` = 2+
5 15.6 3.41× 10−5 1.87× 10−6

and has an energy close to the corresponding Mie value:

h̄ω
(Mie)
` = h̄ωp

√
`/(2` + 1)

as has already been discussed. Here ¯hωp = 6.0495 eV is the energy of the bulk volume
plasmon. Furthermore, in table 6 we give ¯h

√{(m1/m−1)} which indicates the position of an
eigenmode that exhausts fully both them1- andm−1-sum rules.

In figure 6 we plot the fractions of the sumsm1 andm−1, respectively, exhausted by the
different modes in the truncation scheme corresponding tondim = 5. It is clear that for large
values ofN and for` > 0 most of the strength is concentrated in the low-energy mode (surface
mode). For small values ofN there is a redistribution of the strength. This behaviour was
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Table 5. The same results as in table 2, but evaluated withndim = 6.

`πi
(N = 103) h̄ωi (eV) m1 (fraction) m−1 (fraction)

` = 0+
1 5.58 5.13× 10−1 5.57× 10−1

` = 0+
2 6.07 3.59× 10−1 3.30× 10−1

` = 0+
3 6.11 9.45× 10−2 8.57× 10−2

` = 0+
4 6.51 3.40× 10−2 2.72× 10−2

` = 0+
5 9.11 9.57× 10−5 3.91× 10−5

` = 1−1 3.38 9.92× 10−1 9.97× 10−1

` = 1−2 5.67 7.62× 10−3 2.73× 10−3

` = 1−3 6.08 1.27× 10−5 3.95× 10−6

` = 1−4 6.16 3.60× 10−5 1.09× 10−5

` = 1−5 6.76 4.35× 10−4 1.09× 10−4

` = 1−6 13.5 7.48× 10−6 4.74× 10−7

` = 2+
1 3.63 9.85× 10−1 9.94× 10−1

` = 2+
2 5.75 1.39× 10−2 5.60× 10−3

` = 2+
3 6.10 4.63× 10−5 1.66× 10−5

` = 2+
4 6.29 2.87× 10−4 9.64× 10−5

` = 2+
5 6.82 7.18× 10−4 2.05× 10−4

` = 2+
6 18.9 1.96× 10−5 7.26× 10−7

Table 6. For the multipolarities listed in the first column, the quantities ¯h
√
(m1/m−1)are calculated

with different values ofndim, wherem1 andm−1 are the energy-weighted and the inverse energy-
weighted sums. The equilibrium analytical density of [31] for a sodium cluster withN = 1000
was used.

`π h̄

√
m1/m−1 (eV) h̄

√
m1/m−1 (eV) h̄

√
m1/m−1 (eV) h̄

√
m1/m−1 (eV)

(N = 103) (ndim = 3) (ndim = 4) (ndim = 5) (ndim = 6)

0+ 5.83 5.82 5.82 5.82
1− 3.40 3.39 3.39 3.39
2+ 3.66 3.65 3.65 3.65

not apparent in any previous work on clusters where the hydrodynamic model was used. We
also see that, as we consider larger values of`, the fraction of the sum rules exhausted by the
surface mode decreases. This might suggest that as` increases the strength becomes more
distributed.

We see that the spill-out of the valence electrons has a very important role, leading to a
red-shift of the energies and also to a mixture of the modes when the number of atoms in the
cluster decreases. To our knowledge, this is the first time that such effects, which have already
been studied with other methods, have been obtained within the hydrodynamic model.

7. Conclusions

The fluid-dynamical model presented here is based on the Thomas–Fermi approximation. It is
able to describe the main features of cluster excitations, giving a good prediction of the excited
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Figure 6. Fractions of them1-sum rule versus the number of atoms of the cluster, for sodium, for
angular momenta 06 ` 6 2. The chain curves refer tò= 0 normal modes, the full curves refer
to ` = 1 normal modes and the dashed curves refer to` = 2 normal modes. The truncation scheme
corresponding tondim = 5 was considered.

energies, especially for larger clusters, where microscopic calculations such as TDLDA ones
are nearly impossible and semiclassical aspects play a dominant role. It has the advantage of
being able to handle clusters with a large number of atoms, not only yielding the excitation
energies and the exhausted fractions of important sum rules, but also providing a deeper
physical insight.

Sum-rule-based methods are useful tools for investigating collective dynamical properties
of many-body systems; however, a fluid-dynamical formulation, such as the one presented
here, allows us to access problems which are beyond the scope of a pure sum-rule approach.
To our knowledge, all previous works using this hydrodynamic approach have used equilibrium
electron densities with a sharp surface (step function) and they are not able to take into account
some of the surface effects. In the present article we have followed closely reference [30] where
a hydrodynamic description of both volume and surface modes in metal clusters is considered.
We have extended the model in order to take into account the spill-out. In order to do this, we
have introduced in the energy functional a term with gradients of the density (the Weizsäcker
correction) which is connected to a smooth surface profile.

The approximate eigenmodes are obtained by diagonalizing a matrix of dimension
ndim×ndim wherendim is the number of terms introduced in the expansions (28) and (29). For
each multipolarity` > 0, one of these modes is a pure surface oscillation and the other
eigenmodes are volume modes which may be interpreted as the remainder of a strongly
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fragmented volume plasmon. Thè= 0 modes correspond to spherically symmetrical
oscillations of the electron gas. We have recovered the well known classical Mie expression
for the energies of the surface modes and we have shown that the energies of the volume modes
approach the energy of the volume plasmon.

The normal modes fulfil the energy-weighted sum rule, the inverse energy-weighted sum
rule and orthogonality relations.

The main advantage of the present formulation is that we are able to describe the surface
modes for large clusters with a small numerical effort—three terms (ndim = 3) in the expansions
(28) and (29) are already sufficient. For smaller clusters our results seem to indicate the
existence of a red-shift and of a redistribution of the strength. These two effects are due to our
having taken into account in the equilibrium density the spill-out of the valence electrons.

It should be observed that our approach, being based on the Thomas–Fermi method, is not
expected to describe adequately oscillations of particle density with wavelength smaller than
the Fermi wavelength. Moreover, it neglects all friction due to electron–electron collisions or
of any other origin. As a result, the lifetime of the plasmon mode falls outside the scope of
our calculation.

It would be very interesting to compare the spill-out of the electrons, obtained here, with
the same spill-out obtained from a full quantal Kohn–Sham calculation. Unfortunately we are
not aware of such a calculation.
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